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• Quantum computing (QC) has the potential to significantly transform computational problem-
solving.  

• Classical methods for solving complex and multidimensional partial differential equations 
(PDEs) suffer from an exponential growth in computational complexity known as the curse of di-
mensionality. 

• In contrast, quantum computing (QC) inherently exploits superposition and entanglement to effi-
ciently represent and simultaneously manipulate large-scale discretized PDEs, using exponen-
tially fewer resources compared to classical systems.  

• There are currently many quantum techniques available for solving PDEs, which are mainly 
based on variational quantum circuits and the Harrow-Hassidim-Lloyd (HHL) algorithm. 

• However, the existing quantum PDE solvers, particularly those based on variational quan-
tum eigensolver (VQE) techniques, suffer from several limitations, including low accuracy, 
high execution times, and low scalability on quantum simulators as well as on noisy inter-
mediate-scale quantum (NISQ) devices. 

• The HHL algorithm requires ancilla qubits for solution extraction and multiple qubits for ei-
genvalue precision, increasing resource demands. It also needs a sparse, well-conditioned 
Hermitian matrix to achieve a logarithmic gate complexity. Furthermore, HHL's reliance on 
quantum phase estimation (QPE), which is highly sensitive to noise, makes it unsuitable for 
noisy-intermediate scale quantum (NISQ) devices, necessitating error-corrected quantum 
hardware.  

• In this work, we propose an efficient, accurate, and scalable quantum algorithm for solving mul-
tidimensional PDEs. We present two variants of our algorithm: the first leverages finite-
difference method (FDM), classical-to-quantum (C2Q) encoding, and numerical instantiation, 
while the second employs FDM, C2Q, and column-by-column decomposition (CCD). Both vari-
ants are designed to enhance accuracy and scalability while reducing total execution times.  

• We validated our proposed algorithm using several case studies including multidimensional 

Poisson, Heat, Black-Scholes, and Navier-Stokes equations. 

• Our experimental work demonstrated favorable results in terms of accuracy, scalability, and ex-

ecution time compared to quantum variational solvers on noise-free/noisy simulators, hardware 

emulators, and real quantum hardware from IBM. 

Introduction and Motivation 

Finite Difference Method (FDM)  

• Numerical technique to solve PDEs by approximating them with difference equations.  

• Converts a continuous domain problem into a finite set of grid points.   

 

Fundamentals of Quantum Computing 

• Quantum computers utilize superposition and entanglement. 

• Quantum bit or qubit is the fundamental unit of quantum computation.  

• For an n-qubit system, the quantum state vector is represented as shown: 

 

 

• Quantum gates are unitary operations which can change the state of a qubit. 

Classical-to-quantum encoding  (C2Q) 

• C2Q is a depth-optimized amplitude encoding technique [1] to encode classical data 
into quantum domain. 

• Encodes normalized classical data vector into quantum domain. 

• Generates shallower circuit by using 50% fewer gates compared to nearest alterna-
tive [2]. 

• Suitable for NISQ devices because shallow circuits are more resistant to decoherence 
noise. 

 

 

 

 

 

 

 

 

 

Singular Value Decomposition (SVD) 

• Decompose a matrix into two orthogonal matrices and a diagonal matrix.                              

                                  

Polar Decomposition  

• Decompose a matrix into two unitary matrices and a positive semi-definite symmetric 
matrix.                                                     

Performance study of VQAs for solving the Poisson equation on a quantum computer [6] 

• Uses variational quantum linear solver (VQLS) for solving Poisson equations 

• Poor hardware results, low accuracy and long execution times 

Variational quantum algorithm based on the minimum potential energy for solving the 
Poisson equation [7] 

• Solves the Poisson equation by formulating a minimum potential energy-based cost function 

• VQE-based approach for solving PDEs but it exhibits low accuracy and long execution times on 
NISQ devices 

Quantum algorithm for systems of linear equations with exponentially improved depend-
ence on precision [8]  

• Requires significantly less time and has a better precision than HHL algorithm 

• Uses Fourier or Chebyshev series 

• Not suitable for NISQ devices because of their high error rates, limited coherence, and complex 
operations 

Hybrid classical-quantum approach to solve heat equation using quantum annealers [9]  

• Linear system is encoded as a quadratic unconstrained binary optimization (QUBO) problem 

• Solves the steady-state 2D heat equation using D-Wave systems 

• Time dependent heat analysis not shown, and the approach suffers from scalability issues  

A quantum approach for exploring the numerical results of the heat equation [10] 

• Solves 1D heat equation using Trotter Suzuki decomposition 

• Suffers from high error rate and limited scalability 

Case Study 3: Black-Scholes Equation 
  

Experimental Results 

Conclusions and Future Work 

Quantum Framework: 

• Qiskit v1.1.0 [5]  

• BQSKit v1.1.1 [3] 

Techniques: 

• Proposed Algorithms  

• Variant 1 (BQSKit) 

• Variant 2 (Qiskit) 

Metrics: 

• Scalability quantified in terms of num-
ber of datapoints, number of data di-
mensions, and number of qubits 

• Accuracy quantified in terms of root-
mean-square-error (RMSE) 

• Total execution time 

Simulators and Emulators: 

• Noise-free (statevector simulator) 

• Noisy (AerSimulator) 

• Hardware Emulator (FakeTorino) 

• Quantum hardware (ibm_torino)  

• Circuit samples (shots): 1M, 256M, 
and 0.1M 

Hardware Specifications: 

• Intel Xeon Gold 6342 CPU 

• 48 cores @ 2.8GHz 

• 3× NVIDIA A100 80GB GPUs 

• 256GB DDR4 RAM @ 3200MHz  

PDEs Tested: 

• Poisson equation 

• 1 dimensional (1D) 

• f(x) = 10, d = 1, BVs are –0.6 and –
0.7 

• 2 dimensional (2D) 

• f(x,y) = xy, d = 1, BVs = 0 

• 3 dimensional (3D) 

• f(x, y, z) = xyz, d = 1, BVs = 0 

• Heat equation 

• 2 dimensional (2D) 

• Initial value f(x,0) = 100 
o
C, Xdiff = 100 

cm, BVs = 0 
o
C, thermal diffusivity 

 x= 0.97 cm
2
/s 

• 3 dimensional (3D) 

• Initial value f(x,y,0) = 100 
o
C, Xdiff = 

Ydiff = 100 cm, BVs = 0 
o
C, thermal 

diffusivity  x=  y = 0.97 cm
2
/s 

• Black-Scholes equation 

• Call and put option 

• Risk free interest rate r = 4.3%, strike 
price K = $100, volatility   = 20%, 
BVs = 0

o
 C, maturity = 3 months, 

stock price range  [0, 400] [11] 

• Navier-Stokes equation 

• 2 dimensional (2D) 

Kinematic viscosity ν  = 10
-6 

m
2
/s for 

water, Xdiff = 1 m, density   = 1000 

Kg/m
3
, external force f = 0.2 m/s

2
  

Case Study 4: Navier-Stokes Equation 

Experimental Setup 

 

References 

  

• The Black-Scholes model is a European-style option pricing model that can be exercised only at 
its expiration date. 

 

Here, S  is the stock price, V  is option price,      is volatility of the asset, r  is risk-free interest rate, 
and K  is strike price. 

Call (Buy) Option 

• A call option is contract that gives the buyer right, but not the obli-
gation to purchase a specific stock at the strike price K  on a pre-
determined expiration date. 

• Applying FDM, the discretized difference equation obtained is 
shown below: 

 

 

 

 

 

• The payoff for call option is represented as: 

 

Put (Sell) Option 

• The payoff value for put option is represented as: 

 FDM grid for solving the Black-Scholes equation for put option 

FDM grid for solving the Black-Scholes equation for call option 

Matrix A of Black-Scholes equa-
tion with Ns = Nt = 4, size = 16x16 

  

• The Navier-Stokes equation governs the momentum transport in a Newtonian fluid of constant 
density     and kinematic viscosity     as shown:                  

 

 

Here,    is unknown velocity and    is the body force, and P  is pressure. 

2D (1 space + time) Navier-Stokes Equation 

A 2D space-time equation can be represented as shown below. Here, the flow is in the x-direction 
and velocity has only x-component. 

 

 

Considering                                 and applying second order finite approximation, we get: 

 

FDM grid for solving the 2D Navier-Stokes 
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• In this work, we have proposed two variants of an efficient and scalable quantum solver algorithm for solving multidimension-
al partial differential equations (PDEs).  

• The first variant, i.e., Variant 1, uses classical-to-quantum (C2Q) encoding, the finite difference method (FDM), and numerical 
instantiation. While, the second variant, i.e., Variant 2, integrates C2Q, FDM, and column-by-column decomposition (CCD).  

• As a case study, we have applied our algorithm to the multidimensional Poisson, Heat, Black-Scholes, and Navier-Stokes 
equations.  

• We have compared our results with those from VQE-based PDE solvers on noise-free and noisy simulators as well as on re-
al quantum processors (QPUs). 

• The experimental results demonstrate favorable performance in terms of accuracy, scalability, and execution time compared 
to existing PDEs solvers based on quantum variational algorithms.  

• This work showcases robust potential of quantum computing for solving multidimensional PDEs.  

• We anticipate that the ongoing research in quantum synthesis and data encoding could be very beneficial to demonstrating 
the efficiency and practicality of our algorithms for solving PDEs on real quantum hardware, particularly NISQ devices.  

• In future work, we will be working on improving the scalability, execution time, and accuracy of our proposed algorithm while 
maintaining its applicability to multidimensional problems and ensuring practical utility. 

 

 

Case Study 1: Multidimensional Poisson Equation 

• We have provided the solution profiles, total execution times, and accuracy results obtained using our proposed algorithm, and compared them to the VQE-based approach on noise-free and noisy simulators, 

as well as on real quantum hardware (ibm_torino). We have used root mean square error (RMSE) as a metric to quantitatively evaluate the accuracy of our methods for 1D, 2D, and 3D Poisson equation. 

Case Study 2: Multidimensional Heat Equation 

• We also evaluated the Heat equation using our proposed algorithm on noise-free and noisy simulators, as well as on hardware emulator (FakeTorino) and real quantum hardware. Experimental results 

demonstrate favorable performance in terms of accuracy, scalability, and execution time for 2D, 3D, and 4D space-time Heat equations. We have used root mean square error (RMSE) as a metric to quantita-

tively evaluate the accuracy of our methods for 2D and 3D Heat equation. 

Case Study 3: Black-Scholes Equation 

• We also evaluated the Black-Scholes equation for both call and put options using our proposed algorithm on noise-free and noisy simulators, as well as on hardware emulator (FakeTorino) and real quantum 

hardware. Experimental results demonstrate favorable performance in terms of accuracy, scalability, and execution time for both call and put options. 

Case Study 4: Navier-Stokes Equation 

• We also evaluated the 2D Navier-Stokes equation using our proposed algorithm on noise-free and noisy simulators, as well as on hardware emulator (FakeTorino) and real quantum hardware.  

Applications:  

Computational fluid dynamics (CFD), aircraft 

and automotive design, atmospheric circula-

tion, cardiovascular studies 

Applications: Option pricing, risk 
management, financial decision 
making 
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Matrix A of 2D Navier-Stokes equation with Nx = Nt = 4, 

size = 16x16 

Proposed Methodology 

Case Study 1: Multidimensional Poisson Equation 

• A p-dimensional Poisson equation can be represented as: 

 

 

where     is unknown function,     is Source function, and      is Laplacian operator. 

3D Poisson Equation 

• A 3D Poisson equation can be represented as: 

 

• The grid spacing along x, y, and z axis are: 

 

 

• The step size for the overall 3D grid: 

• Applying second-order finite approximation, we obtain: 

 

 

It can be further reduced to:  

Applications: Electrostatics, gravitation, structural mechanics, numerical optimization, control problems 

Proposed PDE Solver for Multidimensional PDEs 

• The proposed PDE solver algorithm has two variants. 

• Variant 1 uses classical-to-quantum (C2Q) encoding, finite difference method (FDM), and nu-

merical instantiation [3] , whereas Variant 2 uses C2Q, FDM, and column-by-column decomposi-

tion (CCD) [4]. 

 

 

 

• Using FDM, the partial differential equation (PDE) is converted into a system of linear equations. 

 

• SVD and polar decomposition has been used to find the value of         and       as shown below: 

 

• System matrix A is preprocessed using polar decomposition, rearranged, and normalized as 

shown: 

 

 

 

• The unitary matrix       is converted into a quantum circuit using numerical instantiation as imple-

mented in BQSKit [3] in Variant 1, and using CCD algorithm [4] as implemented in Qiskit [5] in 

Variant 2. 

 

• By measuring             for large number of shots/samples, we recover the classical vector           

and finally obtain the unknown vector    . 

FDM grid for solving the 3D Poisson equation. The grid mesh is divided 

into Nx, Ny, and Nz points in the x, y, and z dimensions respectively.  

Matrix A of 4D Poisson 

equation with Nx = Ny = 4, 

Nz = Nt = 2,  size = 64x64 

Matrix A of 3D Poisson 

equation with Nx = Ny = 

4, Nz =2,  size = 32x32 

Case Study 2: Multidimensional Heat Equation 
  

• A p-dimensional space-time, (p-1)D space + time, Heat 

equation can be represented as: 

 

4D (3D space + time) Heat Equation  

• A 4D space-time heat equation can be represented as: 

 

• Applying second order finite approximation: 

 

 

 

 

 

                                      

thermal diffusivity (0.97 cm
2
/s for Aluminum)  

• Applications: Thermal management, weather forecasting, climate modelling, hyperthermia treatment 

Matrix A of 4D Heat equation 

with Nx = Nt = 4, Ny = Nz = 2, size 

= 64x64 

Background 

Related Work 

Quantum     

Circuit for 3D 

Poisson    

equation for 6 

qubits (64 data 

points) using 

Proposed tech-

nique, Variant 2 

Quantum Circuit for 

3D heat equation for 6 

qubits (64 data points) 

using Proposed    

technique, Variant 2 

Quantum Circuit for Black-

Scholes equation for Call 

option using 6 qubits (64 

data points) using Proposed 

technique, Variant 2 

Quantum Circuit for 2D Navier-

Stokes equation using 6 qubits 

(64 data points) using Proposed 

technique, Variant 2 

Matrix A of 1D Poisson 

equation with Nx = 4, size = 

4x4 

Matrix A of 2D Poisson 

equation with Nx = Ny = 4, 

size = 16x16 

Matrix A of 2D Heat equation 
with  Nx = Nt = 4, size = 16x16 

Matrix A of 3D Heat equa-

tion with Nx = Nt = 4, Ny = 2, 

size = 32x32 
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